This article provides a simple formula and a practical methodology for analyzing long tails. The same model can be applied to topics as diverse as books, search phrases, size of companies, and geographical distribution of populations. This article makes it possible for anyone to utilize the long tail concept not only as a general idea, but also as a tool to make realistic and useful analyses of real phenomena.
INTRODUCTION
Google "Long tail" and you get about 8,000,000 hits. Most of them refer to the concept utilized by Chris Anderson in his article 1 and book 2 about long tails. In essence, long tail refers to those numerous objects that have very limited popularity but that together form a significant share of the total volume 3 . The object could be a book, movie, piece of music, word, place, or almost anything else. Anderson's book contains a lot of illustrative examples of long tails and eloquent writing without abstruse mathematical analysis -a viable formula for a best-seller 4 (in this article, "the long tail book" always refers to Anderson's book).
The approach, feasible as such, is problematic for those who want to make concrete inferences about long tails. The aim of this article is to make it possible for anyone to utilize the long tail concept not only as a general idea but also as a tool to make realistic and useful analysis of real phenomena.
A feasible analysis requires a mathematical model, enough raw data, and good understanding of the subject and the properties of the model. Thus not only is a formula necessary in this essay, in fact the selected formula forms the concrete basis for the whole analysis of long tails. Nevertheless, we have to be aware of the fact that there cannot be any simple formula that is able to explain all the diverse phenomena that result in a long tail distribution.
Still, this essay is able to demonstrate that there is a lot of resemblance between many of those phenomena, which makes it possible to apply one analytical model. Further, the use of one formula makes it possible to systematically utilize the knowledge of the long tail phenomenon in general, particularly in cases in which there is very limited data available.
Thus we need a concise mathematical formula for analytical purposes. The formula applied in this essay to model all kinds of long tail is the following:
( ) In this article, the above formula and its application to long tail data is called "the long tail model." Of special note is that here we model primarily the cumulative distribution, not the "tail itself" (if we think of the tail itself consisting of the number of copies of objects in the rank order). The form of the real tail can be determined by the difference between two consecutive values of cumulative distribution (F(x) -F(x-1)). Thus, it is easy to calculate both all the cumulative values and the copies of an individual object. The only somewhat laborious task is to calculate the rank of an object if the number of copies for the object is known.
We can use a concrete example, book sales in 2004 5 , to illustrate the basic characteristics of the formula. The sales are presented in Table 1 below. As with additional equations, the popularity of an article can be endangered by using complicated graphs. This poses a serious problem with exceedingly long tails. If we want to illustrate the popularity of all the books in a way that both the sales of the most popular book and the sales of the least popular book are discernible, we would need a graph with dimensions of 100x60 m. In this huge graph, the nearest point to the origin would be one meter from the origin, and the size of one book would be less than 0.1x0.1 mm. In a way, that huge graph would be extremely illustrative; we would get a concrete sense of the number of books and the number of copies. Figure 1 shows the graph on a sports field. Unfortunately, the illustration works only as a large graph, because graphed out on small paper gives us only two discernable lines, one on each axis. To solve this dilemma, we need to apply logarithmic scale.
However, we also have to be aware of the fact that on a logarithmic scale the size of an area is not a direct indication of the real volume. To alleviate this problem we primarily use graphs that show cumulative volume rather than the volume of individual objects. The books sales statistics is illustrated in As to the practical use of the long tail model, two important comments have to be made. First, the last two rows in Table 1 were omitted when fitting the parameters N 50 , α, and β. Secondly, the total share (β)
is not limited to 100 percent. These choices may appear debatable. The justification of the approach is based on the assumption that there is a latent demand for objects with very low popularity that cannot be satisfied because of the cost structure of current business model. Thus we may presume that the last rows in Table 1 do not represent the "true" demand but that they are "artificially" suppressed by the current business model. Of course, someone may still prefer to model the real data with all data points instead of modeling the "assumed true demand" expressed only by a part of the whole data. However, here I have made a deliberate decision to primarily model the middle part of the tail. Then in those cases in which either of the ends does not comply with the model, I seek additional explanations for discrepancy. The benefits of this approach are:
The fitting of parameters is often essentially better when the end of the tail is omitted.
In most cases, the middle part of the function behaves very regularly and in a similar way even in very diverse cases.
We automatically obtain an estimation of the latent demand.
Still we have to be aware that the concept of an idealistic situation is problematic and hard to define exactly. Moreover, the deliberate omission of available data always needs valid reasoning made separately in every individual case.
Now we can return to our example of books. We have seven data points and three free parameters in the long tail model. The best fitting between the seven data points and the model is found with parameters N 50 = 30714, α = 0.49, and β = 1.38.
What is the real meaning of these parameters? As to parameter N 50 , the most popular 30714 books would represent 50 percent of sales in an ideal situation, which includes the latent demand for books with low popularity. However, we shall make a clear distinction between the real data and idealistic situation: according to the same model, the most popular 9640 books represent 50 percent of the total sales in reality.
Parameter β describes the amount of latent demand. The model indicates that the latent demand for very low volume books is 38 percent of the current total volume. However, this result is highly indicative.
The latent demand could be somewhat smaller or essentially larger. Even if we assume that the long tail model is, in principle, valid to estimate the latent demand, we can find an acceptable fitting between real data and the long tail model even when β is as large as 2. It is difficult to apply any formal statistical method to assess the reliability of the result, because data points are highly correlated with each other.
On the contrary, the essential question is whether the form of the function in the middle part of the tail, in the first place, can give any reliable estimation about the behavior of the end of the tail. This reliability question cannot be answered by assessing any individual case; it requires the careful evaluation of various diverse cases.
Despite these cautious remarks, several issues support the claim that there is a considerable latent demand. First, the fitting of the model is excellent up to rank 100,000. Further, the turn above rank 100,000 is quite abrupt and atypical for a long tail phenomenon. Finally, the idea of latent demand for books with very low popularity is credible without any mathematical model (see, e.g., the discussion in the long tail book). The estimate for the latent demand is so large that it obviously provides a feasible business opportunity.
The long tail of books has demonstrated the basic structure of long tail analysis. First, we gather relevant data about the phenomenon. Secondly, we apply the long tail model to the available data. If there is a clear difference between the data and the model, we seek a realistic explanation for the difference.
Finally, we use the model to make conclusions about the business potential for different players. 
MORE ABOUT WRITINGS
Let us first apply the long tail model to Amazon's online book sales. The problem with Amazon, from the viewpoint of a formal analysis, is that Amazon reveals only limited information about its book sales.
Basically, they give a rank for each book, but they do not tell how many copies are sold. Moreover, the rank is based on an unknown algorithm that takes into account both the most recent sales and the longterm sales. Therefore, an outsider is able to make only rough estimates about the sales 6 . The strength of the long tail model is in the opportunity of using also the knowledge about the real book sales and combining that information with the estimations of Amazon's sales. Thus as a starting point we have the model parameters for real sales: N 50 = 30714, α = 0.49, and β = 1.38.
There are two major matters that separate real book stores and online sales. Firstly, the online model is efficient even for books that sell only a couple of copies per year. Secondly, the online model can also cover second-hand books. Thus we may safely assume that N 50 is larger and β is smaller with online stores than with ordinary book stores. Further, because N 50 is larger, α might be somewhat smaller, though the difference is likely small.
Then if we combine estimates for Amazon sales with real sales models, we can assume the following parameters depicting Amazon's sales: N 50 = 40 000, α = 0.48, and β = 1.2. Using these parameters, we obtain the results presented in Table 2 below. 10 001 -100 000 32%
> 100 000 27%
Because α is relatively small, there could be a separate business opportunity both for books with high popularity and for books with very low popularity (the effect of parameter α on business potential is discussed in Annex 1). A small selection of best sellers is a feasible approach in airport shops, for instance. Similarly, the business opportunity for those books that are not covered even by Amazon (20 percent as β is 1.2) represents a considerable opportunity for self publishing. However, it will be difficult for any player from those two special sectors to challenge players with a strong grip on the middle of the tail.
It could be anticipated that the popularity of magazines is similar to the popularity of books, although there are many more books than magazines. Here we use the circulation statistics provided by Audit
Bureau of Circulation 7 . The data can fitted to the long tail model by using parameters N 50 = 82 and α = 0.72. In addition, parameter β is selected in a way that 200 magazines represent 66 percent of total circulation. The data and the long tail model are shown in Figure 3 .
The correlation between reality and the model is so good that there is no need to explain any differences. Still, because the data is limited to 200 magazines, and we do not have data about the total circulation, we cannot be sure how well the model is able to predict the circulation of smaller magazines.
In reality there might be a significant latent demand to be satisfied with web-based publications (part of the demand might already be satisfied). We may speculate that the huge marketing budget required to get market attention is one of the key factors that artificially limits the offerings in movie theaters. Moreover, it might be that the US market does not properly satisfy the needs of minorities. Surely there are other relevant aspects to explain the abrupt drop in viewers above a certain rank, as discussed by Chris Anderson.
Finally, let us apply the long tail model to the all time box office sales in the US 9 shown in Figure 5 . The result is N 50 = 1715, and α = 0.77. In addition, the fitting is done in a way that the movies up to rank 1000 represent 40 percent of total sales. Once again, the fitting is extremely good except that we are still waiting for the truly best movie; according to the long tail model, the most popular movie should have sales of $805 million instead of $600 million, which is the box office sales of Titanic. Perhaps some new movie will solve this discrepancy. As to the other end of the tail, we shall be somewhat cautious because the short-term statistics imply that the end of the tail could be relatively short. Hence, the real curve likely Parameter α seems to be relatively large with movies, typically around 0.80. In addition, the real length of the tail is clearly shorter than the tail predicted by the model (in which the popularity of a movie is not limited due to marketing budget and other external issues). Therefore, now when the cost of producing and selling a movie on DVD is diminishing, there is a considerable business opportunity for all those movies that do not fit with the movie theater business model.
MUSIC
Another important sector of culture is music. It also offers a good opportunity for long tail analysis. In this essay we use the information from last.fm 10 . Let us first take the artist ranking and look how that distribution fits to the long tail model. The real data and the long model (N 50 = 550, α = 0.84) are shown in Figure 6 . According to the model, the most popular 400 artists represent 43 percent of the whole volume. The largest difference between reality and the model is, quite typically, for the most popular artist (12 percent), while for all other artists the difference is less than 7 percent. However, the available data includes only 400 artists, which does not allow robust conclusions about characteristics of the whole tail. The tag distribution is interesting from the viewpoint of commercial radio-stations. Because N 50 is small and the value for parameter α is moderate, the most popular tag ("rock") covers as much as 5.5 percent of the total volume. In contrast, although tags with a rank above 100 seem to represent together 40 percent of the total volume, the popularity of each of those tags is less than 3 percent of the interest of rock. That is hardly a real business opportunity for a conventional radio station. In order to utilize the end of the tail, the business model has to somehow combine a significant amount of tags with low popularity. This is a common dilemma for the business based on the end of the tail. In the case of radio stations, the solution could be something like a virtual station, in which the listeners create their own play lists with the help of the virtual radio station.
WORDS, STRINGS AND PHRASES
Books, movies and music are typical examples of objects produced by professionals usually with the explicit purpose of earning income. Next we consider some issues with which the popularity emerges in a different manner. Wiktionary provides interesting information about the frequency of words 13 . The most common words in TV and in movie scripts are shown in Figure 8 . The parameters of the long tail model are N 50 = 63, α = 0.68, β = 1.00. Indeed, only 63 words (you, I, to, … , one) are needed to make up half of everything said on TV.
In this case the model works pretty well through the whole tail -the only thing needing an explanation is the lack of discrepancy. We may argue that this just is an example of a case in which there is no obvious cost of using a rare object, except possible misunderstanding, and thus a natural form for long tail ensues. Actually, the biggest error of the long tail model is that it predicts a larger difference between the two first words. Thus, in theory, you should be more popular and I should be less popular than what they are in reality. An attractive way to assess the popularity of anything is to use a search engine. There are basically two possibilities: first, to measure how often a certain string is searched, and secondly to rely on the number of hits given by search engines. The first approach likely gives more useful information, but also is more difficult to gather. Richard Wiggins has provided some concise, but useful, data about the popularity of search phrases in a university environment 14 . The statistics are shown in Figure 9 together with a long tail approximation with parameters N 50 = 434, α = 0.53, β = 1.00. There are two anomalies to be explained: One at the base of the tail and another at the end of the tail.
Cumulative share
The first one is more difficult to explain: Why don't the 10 first phrases comply with the middle part of the tail? It should be noted, however, that the base of the tail could be changed significantly even by one very popular phrase. Thus we may speculate that the difference is just a coincidence caused by the randomness of the phenomenon without any specific reason. However, because the "missing phrase"
should be about four times more popular than the current number one, we need to admit that in this case the long tail model is unable to accurately describe the base of the tail.
In contrast, the other anomaly at the end of the tail has a credible explanation. The fitting was done for the range from 50 and 1000, because the long tail model cannot appropriately describe the popularity of strings that produce more than 9 billion hits. In contrast, the number of hits seems to provide a consistent measure of popularity in the region from one billion to nine billion hits.
Other between 4000 and 9000 hits. We also conducted a similar experiment with random words with four letters. The result was similar but not exactly the same: The caps were smaller and the difference between "above 10000" and "below 1000" was smaller. Yahoo indicates similar but not as pronounced behavior in the region between 3000 and 10000 hits. The behavior of MSN Search is in this respect smoother.
It is hard to imagine any reason why there should be any discontinuity in the number of hits. Thus it is likely that the steps in Figure 11 are created by the algorithms used by search engines. Based on our randomized experiments, it seems that some algorithms work differently above 10000 and below 1000.
Below 1000 the number of hits probably gives a realistic estimation of real pages to be found in the Internet. Above 10 000 hits the results do not necessarily have as concrete meaning. Yet, based on experiments with random strings with various lengths, the number of hits seems to behave quite smoothly between 10,000 and nine billion hits.
For instance, if the number of hits for objects A and B are 1 million and 50 million, respectively, that seems to justify the statement that object A is fifty times more popular than object B (in some respect).
On the contrary, the situation is vaguer if the number of hits for objects C and D are 500 and 25000, respectively. In that case object C might be eight times more popular than object D, in the case of Google, whereas the ratio might be something else with another search engine. As a rough estimate, the following parameters could be used to assess when the number of hits is above 10000:
• Google: N 50 = 993, α = 0.67, total volume = 6170 billion hits.
• Yahoo: N 50 = 720, α = 0.74, total volume = 2650 billion hits.
• MSN Search: N 50 = 530, α = 0.68, total volume = 470 billion hits.
These estimations are primarily valid for English pages and words, whereas the models may somewhat underestimate the share of pages written in other languages.
Another problem with search engines lies in the systematic bias of the results. This phenomenon is illustrated in Table 3 below. Based on these examples, it is apparent that terms related to web technology are highly overrated compared to ordinary words. The presumable reason is that the algorithm used to estimate the number of hits gives a lot of weight to those strings that appear on the main page of a web portal, particularly on the links to other pages. Therefore, the number of hits might be appropriate for comparing the popularity of terms related to the same topic, whereas it is quite questionable to compare terms related to totally different topics. If we take the 1000 most popular words on TV and the 1000 most popular terms according to Google, only about 43 percent of them are the same. The general context defines which of the lists gives a better estimation about the real popularity of a term.
As a summary, search engines could be used to assess the popularity of a term, as long as the following issues are taken into account:
• The terms used on the main page of Internet sites obtain a disproportionately large number of hits. Illustrative examples are the abbreviations php, rss, and htm.
• The algorithm used by a search engine may produce somewhat strange behavior, as illustrated in Figure 11 . The results seem to be relatively consistent both below 1000 hits and in the region from 10,000 to 9 billion hits.
• There are quite a lot of variations from day to day, or even during a shorter period. For a smaller number of hits, the results seem to be more stable.
• The results from different search engines are not directly comparable.
NAMES
One obvious candidate for a long tail is names. Names also provide a practical topic because extensive statistics are available from different sources. Here we use the data from the U.S. Census Bureau 19 . A somewhat unexpected result is the clear difference between surnames, male names, and female names. Parameter α is low for surnames (0.52), moderate for male names (0.75) and large for female names (0.82). Moreover, the ends of the tail seem to behave differently in the case of surnames (shorter than expected) and first names (longer than expected). An interesting research question would be to study whether these differences are systematic among different countries and cultures.
BUSINESS
The total revenue is an evident indication of the popularity of the products of a company. Thus it is quite natural that the same long tail model used to assess the popularity of other objects is applicable also to the size of companies. Figure 14 shows the size of companies according to the data provided by A couple of remarks can be made. First, although the overall fitting is good, the model cannot accurately predict the revenues of the largest companies. Particularly, the largest company should be 36 percent larger, whereas the companies with rank 3 and 4 should be clearly smaller. We may even argue that in 2005 the four largest companies were artificially similar in size. According to the long tail model, the largest company should be about 61 percent larger than the second largest company. Secondly, it should be stressed that the available statistics are too limited to accurately estimate the end of the tail.
Even though the best fitting indicates that the 500 companies represent 51 percent of the total volume, that share could be anything between 40 percent and 60 percent. Respectively, N 50 may vary between 300 and 1000.
Similarly, in the case of the 500 biggest companies in Finland a good fitting is obtained if we assume that N 50 = 37, α = 0.63, and the largest 500 companies represent 83 percent of the total revenue. In this case the long tail model works well even with the largest company, Nokia, as shown in Figure 15 . Hence we may argue that the size of Nokia was natural in 2004 compared to other companies and to the Finnish economy. In addition, the revenues of companies between ranks 3 and 9 seem to be somewhat larger than expected, whereas the long tail model is accurate with smaller companies. 
Cumulative

POPULATION
As the last topic, let us consider a matter that seems to be quite different compared to the popularity of books, music and movies: geographical distribution of populations. Yet, your place of residence is a matter of preference, if anything. Moreover, we may speculate that similar processes are used when people choose tangible objects and how they select their place of residence. 
CONCLUSIONS
This essay offers a dozen of examples of phenomenon, from books to square kilometers, that manifest themselves with a long tail of popularity. The long tail distributions are so similar that there is an obvious opportunity to model them by a single function. The main requirement for the function is that the cumulative distribution should generate a smooth S-shape when the x-axis is logarithmic.
An S-curve can be described basically by two parameters, one to define the turning point, and another to define the steepness of the curve. In our model the corresponding parameters are N 50 (turning point) and α (steepness). Long tails differ in both respects. The really long tail of books can be modeled by parameters N 50 = 40000 and α = 0.48, whereas the much shorter tail of movies viewed during a year can be modeled by parameters N 50 = 25 and α = 0.85. The tail is naturally much longer for all time box offices sales than for sales during one year; still the form of the function (that is, parameter α) is relatively constant. More extensive studies are required to assess whether a specific type of object produces always a similar long tail, or whether the result varies among different countries and cultures.
As to the accuracy of the model, in many cases there are discrepancies that call for explanations. First, some anomalies could be explained by pure random variations, particularly with the objects with the highest ranks. Secondly, the abrupt end of the tail often is caused by the fact that in reality the size of the object is finite (e.g., one book), while the long tail function continues to eternity with ever smaller objects.
Thirdly, the current environment may artificially shorten the tail. For instance, the business model of movie theaters significantly favors the most popular movies compared to an ideal distribution channel that can effectively distribute movies with a small audience. Fourthly, the effect of minorities (e.g.
languages other than English) may considerably lengthen the end of the tail but are invisible in the base of the tail. Finally, in some cases there is no apparent explanation for the difference. To explain those unclear cases, we need more studies and better understanding. Nevertheless, the long tail model introduced in this article forms a robust basis both for understanding and analyzing diverse long tail phenomena.
Annex 1. Some notes on the application of the long tail model
This annex provides additional information about the selected long tail function and how to apply it in real cases. The long tail function applied in this article, ( ) ( ) ( )
Now an observant reader may notice that f(1) is a special case, because the cumulative function is undefined for x = 0. How should we handle this problem? The approach adopted here is to assume that the volume of the most popular object is just the value of the cumulative function at point x = 1 24 . As a result, the volume for the most popular object is essentially larger than that of the second object, when both N 50 and α are small. Still, as the cases in this essay clearly demonstrate, quite often the model works pretty well even for the object with the highest rank.
The cumulative distribution can be divided into three parts: the base of the tail, the middle of the tail, and the end of the tail. In this essay we use the following formal definitions:
The boundary between the base and the middle of the tail is What happens when N 50 is kept constant but the value of α is changed? The situation is illustrated in Figures A1, A2 and A3 when N 50 = 512. Figure A1 shows the cumulative volume as a function of rank. In Figure A1 parameter α defines the steepness of slope in the middle part of the function. Figure A1 also presents the cumulative distribution for a power-law function in which:
Parameter k is selected in a way that half of the total volume is covered by objects up to the rank of 512.
In all the cases evaluated during the study, the results fall between the two extreme cases (α = 0.45 and α = 0.95). Therefore, it is apparent that a power-law function is not suitable for modeling long tails.
However, it should be noted that the long tail formula used in this article approaches a power law function when the rank (x) is large enough. In addition, the cumulative function of a power law function is shown. Figure A2 illustrates the volume of an individual rank when the total volume of all objects is ten million copies. Figure A2 clearly demonstrates that with a large α, the end of the tail is much thinner than with a small α. Correspondingly, a large α means that even the most popular object has a relatively low popularity. The difference in the form of long tails also has business consequences. If α is small (< 0.6), the overall business could be more easily divided into two separate areas: The first consists of a limited number of high popularity objects and the second consists of a very large number of low popularity objects. In contrast, if α is large (> 0.8) the clear majority of the overall business is in the middle of the tail, while the ends of the tail do not provide clear separate business potential. In addition, the business reasoning depends on the length of tail defined by parameter N 50 : With very long tails, the middle part is relatively strong even when α is small.
Volume of individual object
There are lots of long tails that seem to behave similarly. Is there something more fundamental than an arbitrary function behind the popularity distribution of diverse objects? The special property of the selected function is the symmetry as regards point (N 50 , β/2), which is evident particularly in Figure A3 .
The symmetry and smooth form of the distribution in Figure A3 also evokes the possibility to use normal distribution. In this case what is normally distributed is the volume covered by a set of ranks, with equal ratio (e.g. from 33 to 64, and from 2049 to 4096).
Indeed, we could obtain quite similar results based on normal distribution as with the long tail model used in this article. The main difference is that the end of the tail with normal distribution is thinner than with the long the model. Moreover, the behavior of normal distribution is quite problematic with the smallest ranks. Still, the normal distribution assumption may give an opportunity for finding a general process that generates the long tails presented in this article. This idea is left for further studies.
Brief instructions for long tail analysis 1. Gather all relevant statistics about the phenomena. Particularly useful is information about the cumulative volume over the whole tail.
2. Try to ascertain that the data is consistent and reliable. Preferably utilize data from several sources. For instance, if you use search engine hits to define the popularity of objects, carry out some tests to identify the possible anomalies.
3. In case of limited statistics, it is necessary to know at least the total volume and two points of the cumulative curve. Optimal points for cumulative volumes are near the boundaries between the base and the middle of the tail ( ), and between the middle and the end of the tail ( ). Now it is obvious that, on average, an article will be read by 100 persons belonging to the scientific community. So if you pick a random article, you may assume that there are 10,000 other persons that have or will read the same article. Because the popularity of articles apparently forms a long tail, the variations in popularity are certainly huge. Based on our general understanding about long tails, we may assume that the parameters of the distribution are something like: N 50 = 175000 and α = 0.65. According to this model, the most popular article will then be read about 4 million times and 100 million articles will be read at least once.
But now if we take one of those real occurrences of reading an article, we may ask, what is the expected number of readers for that particular article? The correct answer is not 99, but about 42,000. Why?
Because there are many more reading occurrences for the most popular articles than for the less popular articles. This reasoning should be valid for this article as well. So thank you for selecting and reading this article -now I, the author of this article, can be proud of the large number of expected readers. 
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